Let G be a graph with order n and minimum degree δ(≥2). Erdős et al. found an upper bound of the radius r of G, which is 3 2 n−3 δ+1 + 5. They noted that this bound is tight apart from the exact value of the additive constant. In this paper, when r ≥ 3, we decrease this bound to ⌊ 3 2 n δ+1 ⌋, the extremal value.
Introduction
Klee and Quaife [4] found the minimum order of graphs with given diameter, connectivity and minimum degree. Especially for regular graphs, there are further results [1, 2] . The extremal 3-regular graphs are classified except when they have connectivity 3 and even diameter [3, 5, 6] . Erdős et al. [7] gave an upper bound for the maximum diameter of graphs with given order n and minimum degree δ. They also proved that 3 2 n−3 δ+1 + 5 is an upper bound of the radius r of the graph. They pointed out that this bound is sharp up to constant. In this paper, when r ≥ 3, we decrease this upper bound to  3 2 n δ+1  , the extremal value.
Let G = (V , E) be a graph with radius rad(G) = r. Assume that the minimum degree of G is δ. Let v 0 be the center of G. Then there is v 
2. The proof of (2) is similar to that of (1). 
Consider the case where r = 3k By Lemma 2,
If r ≥ 7, then by adding all these five inequalities with a 0 + a 1 ≥ δ + 1 and a r + a r−1 ≥ δ + 1, we obtain
is also true. The proof for the cases where
There remains the case where 
Finally, consider the case where r = 3k + 2. Suppose that w s ∈ S r−2 . Then by Lemma 3 By Lemma 2,
By adding above five inequalities and using a 0 + a 1 ≥ δ + 1 and a r + a r−1 ≥ δ + 1, we have 3|V | ≥ (8
r(δ + 1). Assume that w s ∈ S r−1 ∪ S r . In this case, dist(w s , v r−1 ) ≥ 3. We have a r−2 + a r−1 + a r ≥ 2(δ + 1). If there is a pair of vertices x, y ∈ S 2 such that dist(x, y) ≥ 4, then by Lemma 3, 2(a 0 + a 1 + a 2 ) + a 3 ≥ 4(δ + 1). So
By adding these two inequalities, we have |V | ≥ (2k + 3 2 )(δ + 1) > 2 3 r(δ + 1). Assume that dist(x, y) ≤ 3 for all x, y ∈ S 2 . We want to show that there is z ∈ S r−2 such that dist(v r−2 , z) ≥ 3. To prove this, on the contrary we assume that dist(v r−2 , z) ≤ 2 for every z ∈ S r−2 . If
This contradicts that rad(G) = r. So we have proved that there is z ∈ S r−2 such that dist(v r−2 , z) ≥ 3 and hence we have a 
, each vertex of V is contained in neighborhoods of at most two elements of C . So 2|V | ≥ |C|(δ + 1) = (2k + 2k + 1 + 2)(δ + 1). We have
From Theorem 1, we have r ≤ ⌊ 
Then G is a graph on n vertices with minimum degree δ and rad(G) = 3t.
If
be mutually disjoint sets such that for δ = 3k,
and for δ = 3k + 2,
Then G is a graph on n vertices with minimum degree δ and rad(G) = 3t + 1.
Then G is a graph on n vertices with minimum degree δ and rad(G) = 3t + 2. Proof (Sufficiency). Assume that G is a connected graph on n vertices with minimum degree δ. If n = δ + 1, G is a complete graph on n vertices and rad(G) = 1. If n = δ+2 and δ is odd, then for each vertex of G there is at most one vertex not adjacent to v. So if v, w are non-adjacent vertices of G, w is the only vertex not adjacent to v and vice versa. So the number of vertices not adjacent to some other vertex of G is even. Since n = δ + 2 is odd, there is a vertex of G adjacent to all the other vertices of G. Whence rad(G) = 1. (Necessity). If n ≥ δ + 3, let V = {v 0 , v 1 , . . . , v n−1 } and E = {{v i , v j }||i − j| ≥ 2}. Then G = (V , E) is a graph on n vertices with minimum degree n − 3 and rad(G) ≥ 2. By deleting some edges we obtain a subgraph of G with its minimum degree δ. Its radius is at least rad(G) ≥ 2. If δ is even and n = δ + 2, let W = {w 0 , w 1 , . . . , w n−1 } and F = {{w i , w j }|i ̸ = j, i + j ̸ = n − 1}. Then H = (W , F ) is a graph on n vertices with minimum degree δ and rad(G) ≥ 2. Remark 1. Let G be a graph on n vertices with minimum degree δ. Then we get the following results on the radius of G according to its order n.
1. If n = δ + 1, or n = δ + 2 (δ odd), then we have rad(G) = 
